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Abstract. We show that Coleff-Herrera type products of residue currents can be 
defined by analytic continuation of natural functions depending on one complex 
variable. 



1. Introduction 

Let / be a holomorphic function defined on a domain in C n . It is proved in [15 
using Hironaka's desingularization theorem that if (p is a test form then 



lim / <p/f 
e->0+ J\f\2 >£ 



exists and defines the action of a current, denoted 1//. The <9-image, 8(1/ f), is 
the residue current of / and it has the useful property that it is annihilated by a 
holomorphic function g if and only if g is in the ideal generated by /. If f±, . . . , f q 
are holomorphic functions then the Coleff-Herrera product of the currents 3(1/ fj) 
is defined as follows. For a test form ip of bidegree (n,n — q) consider the residue 
integral 

1 JT(e) Jl ' ' ' Jq 

where T(e) = n|{|/j| 2 = ej}. It is proved in [12] that the limit of e i— > lj(e) exists 
if e = (ei, . . . ,e q ) — > along a path in M. q + such that ej/Cj+i —> for all k G N and 
j = 1, . . . , q — 1; such a path is said to be admissible. Moreover, the limit defines the 
action of a current, the Coleff-Herrera product 

(1.1) 8— A • • • A 8—. ip := " lim "iY(e), 

fq fi J 

where "lim" means the limit along an admissible path as above. Following Pas- 
sare [19], let x be a smooth approximation of the characteristic function In oo) an d 
consider the smooth form 

(1.2) Mfe) A A Qx(l/il 2 Ai) 



fq fl 

It follows from [161 Theorem 2] or the proof of [191 Proposition 2] that the limit in the 
sense of currents of (|1.2p as e — > along an admissible path equals the Coleff-Herrera 
product, and moreover, that one gets the same result if one first lets ei — > 0, then 
lets £2 — > and so on. The Coleff-Herrera product is thus indeed the result of an 
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iterative procedure. In general there are no obvious commutation properties, e.g., 
B(l/zw) A 8(1/ z) = whereas 0(1/ z) A 0(1/ zw) = 0(1/ z 2 ) A 8(1/ w), where the last 
product is simply a tensor product. However, if / = (/i, . . . , f q ) defines a complete 
intersection, i.e., codim{/ = 0} = q, then the Coleff-Herrera product depends in an 
anticommutative way of the ordering of the tuple /; in fact by [IT] the smooth form 
(|1.2p then converges unconditionally. Moreover, also in the complete intersection 
case, a holomorphic function annihilates the Coleff-Herrera product if and only if it 
is in the ideal (fi, ■ ■ ■ , f q ); this last property is called the duality property and it was 
proved independently by Dickenstein-Sessa, [13], and Passare, [18] . 

In this paper we consider another approach to Coleff-Herrera type products; it is 
based on analytic continuation and has been studied in, e.g., JSJ El [TUJ EH [27] . For 
Xj G C with 9ie Xj > 0, let 

1 ^(Ai, ...,X q ) = J /i---/ 

where is a test form. It is standard to see that Ai i— > T^(Ai, . . . , A q ) has an analytic 
continuation to a neighborhood of and that 1^(0, A2, . . . , X q ) equals 

8\f q \ 2X « 8\f 2 \ 2X2 5 1 

A ---A-^ A a— .p. 

Jg J2 /l 

From j5[ Proposition 2.1] it follows that A2 *— > (0, A2, ■ ■ ■ , X q ) is analytic at 0, that 
A3 i->- rj(0, 0, A3, ... , A g ) is too, and so on. Once one knows that the Coleff-Herrera 
product is obtained by letting ej — > successively in (|1.2p it is not that hard to see 
that 

8-7- A • • • A 0—. cp = rJ(Ai, . . . , A 9 )| Al=0 • • • \ Xq=0 , 
Jq Ii 

where the expression on the right hand side means that we first let Ai — > 0, then 
let A2 — > etc; see, e.g., [TBI Theorem 2]. However, from an algebraic point of 
view, cf. [SI Theorem 3.2], it is often desirable to have a current given as the value 
at of a single one-variable analytic function; this is the motivation for this paper. 
From Theorem 11.11 below it follows that if /ii > • • • > \i q > are integers, then 
A i—)- r^A^ 1 , . . . , A^ 9 ), a priori defined for 9teA 3> 0, has an analytic continuation 
to a neighborhood of [0, 00) C C and that the value at A = equals the Coleff- 
Herrera product (jl.ip . Notice that this way of letting (Ai, . . . , X q ) — > is analogous 
to limits along admissible paths in the sense that Xj goes to zero much faster than 
Vt-i, j = l,...,q- 1. 

We remark that if / defines a complete intersection then it is showed in [23] that 
r^(A) is analytic in a neighborhood of the half-space {IKe Xj > 0, j = 1, . . . , q}. 

Let us now consider a more general setting. Let / be a section of a Hermitian vector 
bundle E of rank m over a reduced complex space X of pure dimension n. In |22] 
and pQ were introduced currents U and R, generalizing the currents 1// and 8(1/ f), 
respectively. These currents are based on Bochner-Martinelli type expressions. To 
be precise, let / = fie% + • • • + / m e m , where {ek}k is a local holomorphic frame for 
E with dual frame {e* k }k, and let s = s\e\ + • • • + s m e* m be the section of the dual 
bundle E* with pointwise minimal norm such that f-s = |/||. For A G C, «He A » 0, 
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we let 

(1-3) ^Ei/if^A 

fc=i \ j \e 

where (0, l)-forms anticommute with the e£. It turns out, [I], [22], that A i— > U x , 
considered as a current-valued map, has an analytic continuation to a neighborhood 
of 0. The value at A = is a current U on X that takes values in AE*; U is the 
standard extension of J2k s ^ (ds) k ~ 1 /|/|^ across {/ = 0}. If E has rank 1, then 
U = (l//)e* for any choice of metric. Let 

m ,p. -.fa— 1 

(1-4) R X := 1 - \f\f + ^2d\f\ 2 E A 5A gi ■ 

fc=l IJI ^ 

Letting Vj := 6f — 8, where 5f denotes interior multiplication with /, one can 
check that R x = 1 - V fU x , see [1] for details. It follows that A i— > R x has an 
analytic continuation to a neighborhood of and the value at A = is the current 
R; it is straightforward to check that R has support on {/ = 0}. If E has rank 1 
then R = 8(1/ f) A e* and more generally, if / defines a complete intersection then 
R = 8(1/ f m ) A • • • A 8(1/ fi) A e\ A • • • A e* m for any choice of metric, see [I] and [22] . 

The value at A = of the term 1 — \f\ 2 g of R x is the restriction l{j = o} to the zero 
set of /, see [5]. In itself it is zero unless / vanishes identically on some components 
of X in which case it simply is 1 there. However, when forming products of i?'s the 
role of l/=o is much more significant, cf. [3] and Example 11.31 

Let /,- be a section of a Hermitian vector bundle Ej of rank rrij, let U 3 and R J be 
the associated currents, and let C/ J ' A and R^ ,x be the corresponding A-regularizations. 
Following, e.g., [3] and [TB] we define products of the R 3 recursively as follows. Having 
defined R k A • • • A R 1 , consider the current-valued function 

A h-> R k+1 ' X A R k A ■ ■ ■ A R 1 , 

a priori defined for 9\t\ 0. It turns out, see, e.g., [5] or [16], that it can be 
analytically continued to a neighborhood of 0, and we let R k+1 A ■ ■ ■ A R 1 be the 
value at A = 0. 

Theorem 1.1. Let fj,\ > • • • > fj> q be positive integers. Then the current-valued 
function 

A h4 R q,X ^ q A ■ ■ ■ A i? 1 '^' 1 , 
a priori defined for 9te A > 0, /ias an analytic continuation to a neighborhood of the 
half-axis [0, oo) C C and the value at A = is R q A • • • A Br. 

To connect with Coleff-Herrera type products, let % be the characteristic function 
l[i,oo) or a smooth regularization thereof and let 

■= i - x(\fj\%/tj) +E5x(|/ i || i Ai) a s ^^£ k ~ l . 

k=l W\Ej 
If ip is a test form on X, then the limit of 

(1.5) / R q ' tq A ■ ■ ■ A R 1 ' 61 A if 

Jx 

as e — > along an admissible path exists and equals the action of R q A ■ ■ ■ A Rr on 
if, see [16] . 
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Let us mention a version of Theorem 11.11 with connection to intersection theory. 
Let / be a section of E and let 

M X := 1 - \f\f + Yl B \f\f A A (dd c log \f\l) k -\ 

fc>i 

where dd c = dd/2iri. It is showed in [3] that A i— > M A has an analytic continuation 
to a neighborhood of and that the value at A = is a positive closed current, which 
we denote by M. One can give a meaning to the product (dd c log |/||;) for arbitrary 
k that extends the classical one for k < codim {/ = 0}, and from [3] it follows that 

M = l z + Y,lz(dd c log\f\ 2 E ) k , 

k>l 

where lz is the restriction to the zero set Z of /. The current M is closely connected 
to R. For instance, if X is smooth and D is the Chern connection on E then it follows 
from [2] that 

M k = R k - (Df/27Ti) k /kl, 

where the subscript k means the component of bidegree (*, k). 

Let fi , . . . , f q be sections of Hermitian vector bundles Ej and let M 1 , . . . , M q be 
the associated current. One can define products of the M J recursively as for the i? J 
and we have the following analogue of Theorem 11.11 

Theorem 1.2. Let fi\ > ■ ■ ■ > fj, q be positive integers. Then the current-valued 
function 

A i— > M q,x>lq A • • • A M 1,AMl , 
a priori defined for A > 0, has an analytic continuation to a neighborhood of the 
half-axis [0, oo) C C and the value at A = is M q A • • • A M 1 . 

Example 1.3 (Example 5.6 in [3J). Let J x C &x,x be an ideal and let h\, . . . , h n £ J x 
be a generic Vogel sequence of J x \ see, e.g., for the definition. By the Stiickrad- 
Vogel procedure, [23] . adapted to the local situation, [IT], [23], one gets an associated 
Vogel cycle V h ; the multiplicities of the components of various dimensions of V h are 
the Segre numbers, [H], used in excess intersection theory. By Theorem 11.21 we have 
that 

n 

A H. /\ (1 - |/i fc | 2AMfc + 5|/i fc j 2AMfc A d log 
fc=l 

is analytic at and by [3] the value there is the Lelong current associated with V h ; 
see [3] for more details. 

Remark 1.4. Assume that codim Dj {fj = 0} = mi + • • • + m q . Then M J = 
(dd c log |/j|i;.) m ^ = [fj = 0], where [fj = 0] is the Lelong current of the fundamental 
cycle of fj, and more generally, 

M q A • • • A M 1 = [f q = 0] A--- A[/i = 0], 

i.e., the current representing the proper intersection of the cycles [fj = 0]. 
In this case the current- valued function 

(X 1 ,...,X q )^ R q ^ A---AR 1M 

has an analytic continuation to a neighborhood of the origin in C 9 , [16] , and the 
value at A = is the i?-current associated to (Bjfj, [26J. Moreover, by [16J, (|1.5p 
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depends Holder continuously on e G [0, oo) 9 if x is smooth. The smoothness of x 1S 
necessary in view of the example in |21|, Section 1] . 

2. Proof of Theorems 11.11 and 11.21 

We will actually prove a slightly more general result than Theorem II. 1( we will 
allow mixed products of W and R k . Let Pi denote either W or W and let 
be the corresponding A-regularization, fjl .3|) or (jl.4p . One defines products of the P J 
recursively as above. 

Theorem II. If . Let [i\ > • • • > fj, q be positive integers. Then the current-valued 
function 

a priori defined for A 0, has an analytic continuation to a neighborhood of the 
half-axis [0, oo) C C and the value at is P q A • • • A P . 

Let 7r : X' — > X be a smooth modification of X such that {it* fj = 0}, j = 1, . . . , q, 
and Uj{TT*fj = 0} are normal crossings divisors. Then locally in X' we can write 
7r* fj = fjfj, where fj is a monomial in local coordinates and /j is a non- vanishing 
holomorphic tuple. It follows that Sj = fjs'j, where s'j is a smooth section. A 
straightforward computation shows that 

^ U (f0)k A ^J^' 

fe=i w i ; 

where Uj is a smooth non-vanishing function fijk is a smooth form. In the same way, 
n*M^ = 1 - \f°\ 2X >uf> ' +J2 B (\fT iu T j ) A^logd/j'lS 2 ) Au jk , 

k>\ 

where Ujk is smooth, cf. [3] Section 4]. Theorems II .If and 11.21 are immediate con- 
sequences of the following quite technical lemma; indeed dlog(\fj\ 2 u 2 ) = dfj/fj + 
2duj/uj. 

Lemma 2.1. Let u±,...,u r be smooth non-vanishing functions defined in some 
neighborhood of the origin in (C 71 ^ with coordinates x\ , . . . , x n . For A = (Ai, . . . , A r ) G 
C r , <He Xj > 0, ai, • • • , a r G N n ; and h, . . . , k r G N, /et 



r(A) := 



Qr | 2Ar • • • Inp+ix^+^^+^lupX^I 2 ^ A • • • A3|uix Q1 | 2Al 

here x keOLl = x^ 011 ' 1 ■ ■ ■ x^ ai ' n if = (a^i, . . . , a^„). If a is a permutation of 
{1, . . . ,r}, write T a (\i,. . . , A r ) := r(A (T(1) , . . . , A^)) . 

Let fj,\, . . . , fj, r be positive integers. Then T a {K^ , . . . , K^ r ) has an analytic continu- 
ation to a connected neighborhood of the half-axis [0, oo) in C, and if fix > ... > fi r , 
then 



(2.i) r-K 1 ,...,^) u =0 =r ff (A!,...,A r 



Ai=0 - - - |A r =0 • 



The reason for the permutation a is that we have mixed products of C/'s and i?'s 
in Theorem [LIT. 
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Proof. To begin with let us assume that all Uj = 1. A straightforward computation 
shows that 

YTj=i \ X ° J | 2Aj x - dx h A • • • A cte ip ' 
r(A) = Ai • • • Ap — ™ — r— } Ai z z =: Ai • • • Ap > T/, 

where the sum is over all increasing multi-indices / = . . . , i p } C {1, . . . , n} and 
Aj is the determinant of the matrix (ae,i j )i<t<p,i<j<p- 

Pick a non- vanishing summand T/; without loss of generality, assume that / = 
{1, . . . ,p} and Ai = 1. With the notation 6fc(A) := YJl=x ^l a e,k for 1 < k < n, 



i ALi^l^l 2 ^^nL P+ il^l 2bfc(A) 



&i(A)-..&p(A) x J2U k ^ 

Now the current- valued function 

1 / . (Al, . . . , \ r ) ^ ^TT— 

has an analytic continuation to a neighborhood of the origin in C r ; in fact, it is 
a tensor product of one-variable currents. In particular, V i{k^ , . . . , k^) | re =o= 
T/(A) | Al=0 • • • | Ar=0 . Let 

7(A) 



Ai • • ■ Ap 



h(X)---b p (\) 

and 7 " = 7(A< r n), . . . , A CT ( r )). We claim that if pL\ > . . . > fj, r , then 

7 a (A) U 1 =o---U I .=o=7 a (^ 1 ,---,^)U=o, 

where it is a part of the claim that both sides make sense. 

Let us prove the claim. Since Aj = 1, reordering the factors bi,...,b p and multi- 
plying 7(A) by a non-zero constant, we may assume that oekk = L k = 1, . . . ,p, so 
that 

7(A) = ^ ^ . 

Ai + CK21A2 + • • • + a r iA r apiAi + • • • + Ap + • • • + a rp A r 

For j < r set Tj := Xj/\j + i and 7 CT (ri, . . . , T r __i) := 7 CT (A); notice that 7 " is 0- 
homogeneous, so that 7 " is well-defined. Then Aj = Tj ■•■ r r _iA r , and therefore 7 " 
consists of p factors of the form 

(2.2) Tfc '" Tr - 1 . 

akin ■ ■ ■ T r -l H h Tk ■ ■ ■ T r _i -I h ak,r~\T r -l + Otkr 

Observe that (|2.2p is holomorphic in r in some neighborhood of the origin. In- 
deed, if otkr 7^ 0, then (|2.2[) is clearly holomorphic, whereas if ak r = we can 
factor out T r _i from the denominator and numerator. In the latter case ()2.2p 
is clearly holomorphic if ak^—i 7^ etc; since otkk = 1 this procedure eventu- 
ally stops. Hence, 7 ct (t) is holomorphic in a neighborhood of 0. It follows that 
7 <t (k Mi , . . . , K^ r ) = ^""(k^ 1- ^ 2 , . . . , K tJ " r - 1 ~^ r ) is holomorphic in a neighborhood of 
and since the denominator of 7 <t (k A41 , . . . , K^ r ) is a polynomial in k with non- 
negative coefficients it is in fact holomorphic in a neighborhood of [0, 00). Moreover, 
7°"(Ai, . . . , A r ) is holomorphic in A = { | A1/A2 1 < |A r _i/A r | < e}. Let us now 

fix A2 7^ 0, . . . , A r ^ in A. Then 7 CT (A) is holomorphic in Ai in a neighborhood of 
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the origin. Next, for A3 7^ 0, . . . , A r 7^ fixed in A, 7°'(A)|a 1 =o is holomorphic in A2 
in a neighborhood of the origin, etc. It follows that 

7 CT (A)| Al • • • k=0 = Y(r)\r=o = , • • • , k"-)U=o, 

which proves the claim. Thus ()2.1|) follows in the case Uj = 1, j = 1, . . . , r. 

Now, consider the general case. Replace each |itj| 2Aj in T(A) by [ujl 2 ^, where 
Uj G C. Then T is a sum of terms of the following representative form: 



(2.3) ii 11 a Bmr> a lw+ v..x ' 

j=p+i j=i p'+i 

Fixing all Xj and cjj except for X a (i) an d w CT (i), (|2.3p becomes an analytic (current- 
valued) function g{X a ^,uj cr ^) in a neighborhood of G C 2 . Thus, the value at 
of 5(A CT n), A CT m) is the same as first letting u) a ru = (which corresponds to setting 
u a(\) = 1) an d then letting \ a (l) = in fl , (A (T m,a; .n))- Continuing analogously for 
(A cr ( 2 ) > w o-(2)) an d so on, it follows that the right hand side of (|2.ip is independent of 
the Uj. 

To see that the left hand side of (|2.ip is independent of Uj, replace each Xj in 
(|2.3p by k Mct O) and denote the resulting expression by g(n, u)i, . . . ,w r ). Then 5 is 
clearly analytic in the Uj and by the first part of the proof it is also analytic in a 
neighborhood of [0, 00) C C K . Hence, g is analytic in a neighborhood of € C r+1 . 
The left hand side of (|2.ip is obtained by evaluating k h-> ^(k, K^t 1 ) , . . . , ) at 
k = 0; this is thus the same as evaluating g{n, 0) (which corresponds to setting all 
Uj = 1) at k = 0. Hence also the left hand side of (|2.ip is independent of the Uj and 
the lemma follows. 

□ 
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